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I:Q ■ Abstract 

m 

tJ- ' We present new classes of explicit supersymmetric AdS^^ solutions of type 

t^^ \ IIB supergravity with non-vanishing five-form flux and AdS2 solutions 

OO ! of D = 11 supergravity with electric four-form flux. The former are 

dual to two-dimensional SCFTs with (0, 2) supersymmetry and the latter 

i^ ■ to supersymmetric quantum mechanics with two supercharges. We also 

H ' investigate more general classes of AdS^ solutions of type IIB supergrav- 

ity and 74^5*2 solutions of Z) = 11 supergravity which in addition have 

non-vanishing three-form flux and magnetic four-form flux, respectively. 

The construction of these more general solutions makes essential use of 

the Chern-Simons or "transgression" terms in the Bianchi identity or the 

equation of motion of the field strengths in the supergravity theories. We 

construct infinite new classes of explicit examples and for some of the 

type IIB solutions determine the central charge of the dual SCFTs. The 

type IIB solutions with non-vanishing three-form flux that we construct 

include a two-torus, and after two T-dualities and an S-duality, we obtain 

new AdS'i solutions with only the NS fields being non-trivial. 



1 Introduction 

An interesting class of supersymmetric AdSs solutions of type JIB supergravity with 
non- vanishing five- form flux and dual to (0, 2) SCFTs in rf = 2 were analysed in [1]. 
Similarly, a class oi AdS2 solutions oi D = 11 supergravity with electric four- form flux 
and dual to superconformal quantum mechanics with two supercharges were analysed 
in [2] . It is remarkable that the geometries of the corresponding internal seven and 
nine- dimensional spaces have a similar structure. In particular, they both have a 
Killing vector (dual to an R-symmetry in the corresponding SCFT) which locally 
defines a foliation, and the metrics are completely determined by a Kahler metric 
on the corresponding six or eight- dimensional leaves. In both cases, the local Kahler 
metric satisfies the same differential equation 

nR--R^ + R'mii = (1.1) 

2 

where Rij and R are the Ricci tensor and Ricci scalar for the Kahler metric. These 
2n + 1 dimensional geometries, with n = 3,4, were further investigated in [3j, which 
also generalised them to all n. It was shown that the 2n + 2 dimensional cone 
geometries over these spaces admit certain Killing spinors that define an SU{n + 1) 
structure with particular intrinsic torsion that was determined in [3]. 

This geometry has striking similarities with Sasaki- Einstein (SE) geometry. Recall 
that a five- dimensional SE manifold SE^ gives rise to a supersymmetric type IIB 
AdS^ X SE^ solution with non-vanishing five-form flux, while a seven- dimensional 
SE manifold SEj gives rise to a AdS^ x SE^ solution oi D = 11 supergravity with 
electric four-form fiux. All SE spaces have a Killing vector, which locally defines a 
foliation, and the SE metric is completely determined by a Kahler-Einstein metric 
on the corresponding leaves. Furthermore, the 2n + 2 dimensional cone geometries 
over the SE spaces are Calabi-Yau i.e. they admit covariantly constant spinors that 
define an SU{n + 1) structure with vanishing intrinsic torsion (i.e. the metric has 
SU{n + 1) holonomy). 

The AdS^ x SE^ and AdS^ x SEj solutions are the near horizon limits of more 
general supergravity solutions that describe D3-branes and M2-branes sitting at the 
apex of the Calabi-Yau three and four-fold cones, respectively. In these more general 
solutions, only the five-form fiux and electric four-form fiux are non-trivial, and the 
solutions are determined by a harmonic function on the Calabi-Yau space. An inter- 
esting further generalisation for the type IIB case, is to consider any Calabi-Yau three 
fold and to switch on imaginary self-dual harmonic three form fiux. One finds that 



this solution preserves the same amount of supersymmetry. Furthermore the Bianchi 
identity for the five-form, modified by Chern-Simons or "transgression" terms, 

dF^ = l-GAG* (1.2) 

where G is a complex three-form which contains the NS-NS and R-R three-forms, im- 
plies that the solutions are determined by a function that satisfies a Laplace equation 
with a source term. Similarly, for Z^ = 11 supergravity one can consider an arbitrary 
Calabi-Yau four-fold and switch on a harmonic self-dual four-form. Now it is the 
equation of motion for the three-form potential with its transgression terms, 

d*llGi + -Gi^Gi = Q (1.3) 

which is playing a key role in the solution. Switching on the additional fluxes in 
these type IIB and D = 11 solutions necessarily breaks the conformal symmetry. A 
prominent example of such solutions is the Klebanov-Strassler solution of type IIB 
[1] (see also [3, [6]), which is constructed using the deformed conifold metric. A more 
general analysis of these kinds of solutions can be found in {7] . 

One of the main aims of this paper is to show that we can similarly generalise the 
classes of type IIB solutions considered in pQ and the D = 11 solutions considered in 
[2] to include three-form flux and magnetic four-form flux, respectively. The central 
idea is to switch on such fluxes on the six and eight dimensional Kahler spaces, 
respectively. We will show that this can be done in a way that maintains the AdS'^ and 
AdS2 factors, and hence the dual conformal symmetry (in contrast to the examples 
discussed above), and also preserves the same amount of supersymmetry. We find 
that the solutions are still, locally, specified by a Kahler metric but (II. ip is modified 
by a term involving the new activated fluxes. We will also construct rich new classes 
of explicit solutions by following a similar analysis to that of [8J . 

The plan of the rest of the paper is as follows. We will summarise the general 
classes of AdS^ solutions of type IIB and AdS2 solutions of D = 11 in section 2. We 
have left some details of the derivations, which are very similar to those in \V\ and 
[2], to appendix A. We will also briefly interrupt the main narrative to explain how 
the solutions can be analytically continued so that the AdS factors are replaced by 
spheres. This gives rise to new general classes of 1/8 BPS bubble solutions gener- 
alising those discussed in [8] (1/2 BPS bubble solutions were first analysed in [5], 
and other studies of general classes of bubble solutions preserving various amounts 
of supersymmetry in type IIB and D = 11 supergravity have appeared in [T0]-|23]). 



In section 3 we will construct explicit AdS solutions by taking the six and eight 
dimensional Kahler metrics to be products of two-dimensional Kahler-Einstein (KE) 
spaces. For type IIB we will first analyse the global properties of the local solutions 
with vanishing three-form flux that were found in [8] and calculate the central charge 
of the dual CFTs. These AdS^ solutions are labelled by a rational number s/t G 
[—1/2,0) and an integer N fixing the five-form flux. The topology of the internal 
seven- manifold is a certain f/(l) bundle over a product of two two-spheres and a 
Riemann surface with genus greater than one. We then consider solutions with non- 
zero three-form flux by taking one of the Kahler-Einstein factors to be a two-torus. 
We find that the two other KE spaces must be spheres. After two T-dualities we 
find that the solutions turn out to be the well known AdS^ x S^ x S^ x S^ solutions 
of type IIB supergravity (see [211 [251 ISHl [27]). We conclude section 3 with a similar 
construction of explicit AdS2 solutions oi D = 11 with no n- vanishing magnetic four- 
form flux. 

In sections 4 and 5 we will present a different construction of local six and eight 
dimensional Kahler metrics, using fibrations over KE spaces, generalising the con- 
structions in [8] (see also [28]). We have recorded some details in appendices C and D, 
respectively. For type IIB we will consider the product of T^ with a two-dimensional 
fibration over an S"^. This leads to infinite new explicit examples of AdS^ solutions 
of type IIB supergravity with the internal seven dimensional space having topology 
S^ X S'^ X T^ and the metric labelled by a pair of positive relatively prime integers 
p, q. When the type IIB three-fiux is vanishing we show that demanding that the 
five-form is properly quantised implies that as solutions of type IIB string theory they 
depend on two more integers M, A^ which fix the five-form flux and the size of the T^. 
For these solutions we calculate the central charge of the dual CFT^. We also show 
that after two T-dualities the solutions are mapped to type IIB AdS?^ solutions with 
non- vanishing dilaton and RR three-form: after a further S-duality only NS fields are 
non-zero. 

Section 5 carries out similar constructions of local eight dimensional Kahler met- 
rics which are the product of T^ with a two-dimensional fibration over a four dimen- 
sional KE space with positive curvature. This gives rise to infinite classes of AdS2 
solutions with non-vanishing magnetic four-form flux. Section 6 briefly concludes. 



"'^The corresponding analysis for the case when the three-form flux is non- vanishing wiU be de- 
termined in 1291. 



2 AdS solutions through transgression 

We first consider a general class of supersymmetric AdS^ solutions of type IIB super- 
gravity that are dual to (0, 2) SCFTs in d = 2. Tlie metric and the self-dual five-form 
take the form 

ds^ = e^"^ [ds^AdSs) + ds\Yr)] 
F^ = il + *io)VoliAdS3)AF2 (2.1) 

where F2 is a two-form on I7. The dilaton and axion are constant and for simplicity 
we set them to zero. We also demand that the complex three-form flux, G, which 
contains the NS-NS and R-R three-form field strengths, is a three-form on Yj. 

As we show in appendix A, by following the analysis of [1], demanding that this 
is a supersymmetric solution to the equations of motion, preserving supersymmetry 
as described in the appendix, leads to the following local description. The metric can 
be written 

ds^Yr) = ^{dz + Pf + e-^^dsl (2.2) 

where dz is a Killing vector, dsl is a Kahler metric and dP is the Ricci form for ds\. 
The warp factor is given by 

e-'^ = Ir (2.3) 

where R is the Ricci scalar for ds^ and we thus need to demand that R > 0. The 
two-form F2 appearing in the five-form can be written 

F2 = 2J - ^d [e^^ {dz + P)] (2.4) 

where J is the Kahler form for ds"^. 

So far, this is exactly the same as when the three-form flux vanishes [1]. However, 
further analysis shows that we can switch on the three-form G, provided that G is a 
closed, (1, 2) and primitive three-form on the Kahler space. In particular G must be 
imaginary self-dual, *qG = iG, and harmonic. Furthermore, the Bianchi identity for 
the five-form with its transgression terms (11.21) . implies that the Kahler metric dsf 
must satisfy 



OR - -R^ + R'^Rij + -G'^''G*j,, = (2.5) 



-R^ + R'^Rii + -( 
2 ^3 

which is the key equation generalising (II. ip . 

We now consider a general class of supersymmetric AdS2 solutions oi D = 11 
supergravity that are dual to superconformal quantum mechanics with two super- 



charges. The metric and the four-form are given by 

ds^ = e^^ [ds^ {AdS2) + ds\Yg 

G4 = Vo\{AdS2) A F2 + F^ (2.6) 

where F2 is a two-form on Yg and F4 is a four-form on Yg. This generahses the class 
of solutions studied in |2J which had F4 = i.e. purely electric fluxes. 

As we show in appendix A, now following the analysis of [2], demanding that this 
is a supersymmetric solution to the equations of motion, preserving supersymmetry 
as described in the appendix, leads to the following local description. The metric can 
be written 

ds\Yg) = [dz + Pf + e-^'^dsl (2.7) 

where dz is a Killing vector, dsl is a Kahler metric and dP is the Ricci form for ds\. 
The warp factor is given by 

e-3^ = -R (2.8) 

where R is the Ricci scalar for dsl ^"^^ ^^ ^^ demand i? > 0. The two-form F2 
appearing in the four-form can be written 

F2 = -J + d [e^"^ {dz + P)] (2.9) 

where J is the Kahler form for ds^. This is exactly as in the case of purely electric 
four- form flux [2] . We now find that we can switch on F4 provided that it is a closed, 
(2, 2) and primitive four-form on the Kahler space. In particular F4 must be self- 
dual and harmonic. Furthermore, the equation of motion for the four-form with its 
transgression terms (II. 3p implies that the Kahler metric ds^ must now satisfy 

UR - li?2 ^ ^ij^,, ^ i.^^iifci^^. .^^ _ Q_ ^2. 10) 

In the special case that the eight- dimensional Kahler metric ds^ contains a T^ 
factor, we can dimensionally reduce the D = 11 solution on one leg of the T^ and 
then T-dualise on the other leg, to obtain a type IIB solution. In the case that F4 = 0, 
it was shown in [8] that the resulting type IIB solution is in fact the AdS^ solution 
with vanishing three-form flux. There is a simple generalisation to non-vanishing F4. 
Decompose the eight-dimensional Kahler form as 

Js = Jq + du^ A du^ (2.11) 

where u^, u^ are coordinates on the T^. Suppose we can write the (2, 2) four form as 

Fi = iG A {du^ + idu^) - iG* A {du^ - idu^) (2.12) 



where G is a closed primitive (1,2) form in six-dimensions (i.e. we are asuuming 
that there is no term involving the volume form of the two torus, du^ A du"^). If we 
dimensionally reduce on the u"^ direction and then T-dualise on the u^ direction we 
find that the D = 11 AdS2 solution is transformed into the type IIB AdS^ solution. 

2.1 Bubble solutions 

In subsequent sections we will find explicit examples of the AdS^ and AdS2 solu- 
tions just described. Before doing that we pause to briefly comment on how the 
above classes of solutions can be analytically continued so that the AdS factors are 
replaced with spheres. These "bubble" solutions preserve 1/8 of the supersymmetry 
and generalise those discussed in p]. 

For the type IIB case, the metric is given by 



ds' = e^^ 



-^ {dt + Pf + ds^ {S'') + e-^^dsl 



(2.13) 



where dt is a Killing vector, rfsg is again a Kahler metric and dP is the Ricci form for 
dsf. The warp factor is given by 

e-^^ = --R (2.14) 

where R is the Ricci scalar for ds^ and so now we want R < 0. The five-form flux is 
given by 

F5 = {l + *io)Vol{S'')AF2 (2.15) 

where 

F2 = 2J+^d[e^^idt + P)] (2.16) 

and J is the Kahler form for ds^. The three-form G is again a closed, (1, 2) and 
primitive three-form on the Kahler space. Finally the master equation reads 



—R + R Rji ( 

2 ^3 



UR - -R^ + R^R,j - -G'^^G\j^ = 0. (2.17) 



For the D = 11 case, the metric is given by 

ds^ = e=^^ [- {dt + Pf + ds\S^) + e-^^ds^] (2.18) 

where dt is a Killing vector, ds\ is a Kahler metric and dP is the Ricci form for ds\. 
The warp factor is given by 

e-3^ = -]-R (2.19) 



where R is the Ricci scalar for ds'^ and we demand R < 0. The four-form flux is given 

by 

Gi = Vol{S'^) AF2 + F4 (2.20) 

where 

F2 = -J-rf[e^^(rft + P)] (2.21) 

and J is the Kahler form for ds^. F4 is again a closed, (2, 2) and primitive four-form 
on the Kahler space. Finally, the master equation is now 

OR - ^R^ + Rm,, - ^^Ff'F^^^ki = 0. (2.22) 

3 Product of KE spaces 

In this section we will explore solutions for which the Kahler metrics ds\ and ds\ 
appearing in (12. 2p and (12. 7p . respectively, are simply the product of a set of two- 
dimensional Kahler-Einstein metrics 

n 

dsl^ = Y,ds\KEf) (3.1) 

i=l 

where ds'^{KE2 ) is a two-dimensional Kahler-Einstein metric, i.e. locally propor- 
tional to the standard metric on S"^, T^ or H^. For the latter case, we can also take 
a quotient H^/T to get a Riemann surface with genus greater than one. The metric 
dslj^ is normalised so that the Ricci form is given by 

n n 

i=l i=l 

where TZi and J, are the Ricci and Kahler forms of the ds'^{KE2 ) metrics, respec- 
tively, and li is zero, positive or negative depending on whether the metric is locally 
that on T^, S"^ or iJ^, respectively. We also have P = ^^ Pi with dPi = TZi and 
the Ricci scalar is R = 2^"^-^/j. Note that in the special case that two of the /, 
are equal, say /i = I2, the analysis can be simply extended to cover the case when 
the product KE2 x KE2 is replaced with a more general four-dimensional Kahler- 
Einstein manifold, KE4. Similar generalisations are possible if more of the U are 
equal. Finally, it will be useful to recall that if the ith KE space, S^^, is a Riemann 
surface of genus gi, then 

^ [ 7^, = 2(1 -(?,). (3.3) 

2vr J^^^ 



3.1 Type IIB 

For this case, the metric ds'^lY^) appearing in (12. ip is given by 



^ds'{Yr) = \idz + Pf + e-'^ 



Y.ds\KEl 



'2 
i=l 



(3.4) 



where we have introduced an overall length scale L, and the warp factor is given by 

e-'^ = \{h + l2 + h). (3.5) 



Writing the five-form fiux as 



we have 



AdS^^F2 + uo., (3.6) 



h^^ = l^ + /^, + /3 [(^^ + ^3)'^1 + (^1 + h)J2 + {h + l2)M 

— W5 = -[{ll + l2)Jl^J2 + {h + h)Jl^Jz + {l2 + h)J2^^{dz + P) .{?>.7) 

3.1.1 G = 

We first consider the local solutions with zero three-form fiux, (7 = 0, that were 
presented in section 6.1 of [8]. We will show that there are an infinite number of 
globally defined solutions with appropriately quantised five-form fiux and we will 
calculate the central charges of the dual d = 2 (0, 2) SCFTs. 

It was shown in [8j that the master equation (II. ip is solved if (/i, I2, h) = {li^ ~ i+T' ■'-) 
with /i G [—1/2, 0]. When /i = we obtain the well known AdS^ x S^ x T'^ solution. 
We therefore restrict to /i G [—1/2, 0) so that the six- dimensional Kahler manifold is 
Hg X Sf X S2, where Sg is a Riemann surface with genus g > 1. 

We now examine the conditions required for I7 to be a well defined U{1) fibration 
over Eg X 5*^ X 5*1. If we let the period of the coordinate z be 2ttI then we require that 
l^^P be a bona-fide U{1) connection. This is guaranteed if the integral of l~^dP/{27i) 
over a basis of two cycles on TigX Sfx 5*1 are all integers. Taking the obvious basis, we 
conclude that we should take z to have period An and then the periods are {l — g,l,l). 

We now turn to the five-form. We first observe that this is a globally defined 
five-form on Y7. To ensure that we have a good solution of type IIB string theory, we 
demand that the five-form fiux is properly quantised: 



[ZTTlsPgs Jd 



for any five-cycle D G H^{Y-j^ Z). A basis for the free part of H^^iY-j^ Z) is obtained by 
taking the f/(l) fibration over a basis of four-cycles on the base Sg x 5^ x 5*^. Let Di, 
D2 and D^ denote the five cycles arising from the four-cycles Sg x S*^, S^ x Sf and 
5*^ X 5*1, respectively. Since the U{1) fibration is non-trivial, these five-cycles are not 
independent in homology and we have [Di] + [D2] + (1 ~ 9)[D^ = 0. Calculating the 
N{Di) we then deduce that for them to be all integers, /i must be rational, /i = s/t 
and 

Ai = tN (3.9) 

where h = hcf{t, {g — 1)). Indeed, we then find that 

N{D,) = -^^AT 

N{Ds) = -^N . (3.10) 

Clearly we have N (Di) -\- N {D2) + {1 — g) N {D3) = which corresponds to the relation 
amongst the five-cycles mentioned above. 

We have thus established that there is an infinite class of solutions labelled by 
rational h = s/t G [—1/2,0), each of which gives rise to a d = 2 (0,2) SCFT. The 
central charge of the SCFTs is given by 



S-RAdSs 



(3.11) 



2^(3) 

where G(3) is the three-dimensional Newton's constant and RaciSs is radius of the 
AdS^ space. In our conventions the type IIB supergravity Lagrangian has the form 

' -detgR +... (3.12) 



i^nygm 



and we calculate that 



c = 6i^^iM4±i^±^iV^ (3.13) 

Note that for the special case of s = 1, t = —2 we have {h, I2, h) = (~l/2; 1? 1): this is 
a case whose central charge was already calculated in [20] (substitute M = 8, m = 2 
into equation (6.14) of that reference). 

3.1.2 G^O 

We now turn to the construction of solutions with non- vanishing three-form flux. In 
order to find a suitable three-form flux G we will demand that the product of the KE 



spaces includes a T^ factor, ^3 = 0. We then take the three-form to be given by 

—G = duA [mi Ji + ma J2] (3.14) 

where m is a complex coordinate on the T^ and mi,m2 are constant. This is closed 
and is also a (1, 2) form on the Kahler space. In order that it is primitive we must 
set mi = —7712- Without loss of generality we take m-i > 0. It just remains to solve 
the master equation (12. 5p which gives 

/1/2 = 4m^ . (3.15) 

Recalling the expression for the warp factor, (13.51) (with Z3 = 0), which must be 
positive, we deduce that k > and in particular our six- dimensional Kahler space 
must be S*! x 5*1 x T^. After a possible rescaling we can take I2 = 1- The five-form 
flux is given by (13. 6p and (13.71) with I3 = 0. 

To analyse this solution further, it is convenient to perform successive T-dualities 
on the two legs of the T^ (which we take to be square). Using the formulae in 
appendix B, we are led to the following type IIB solutioEc 

^ds^ = ds\AdS3) + ^ds\Sl) + ^ds\Si) 

+ hdz + Pi + P2)' + ^{du' - -Pi + P2f + {duY 
4 A a 

^Ps = 2Vol{AdS3) + \ini+'}Z2){dz + Pi + P2)-^{-'JZi-n2){du^--Pi + P2) 
L^ 4 A a a 

e''^ = I . (3.16) 

Note that here (unlike above) the metrics on the two-spheres have unit radius and a = 
h/h- Introducing the coordinates 'i/'i = {a / {1 + a)) {z — y) and ■i/'a = (l/(l + o))(-2 + ay) 
and then completing the squares using the ipi we are led to 

^ds^ = ds\AdS^) + '^^ds\Sl) + (a + l)ds\Sl) + {du^f 

^Pg = 2Vol{AdSs) + ^^" ^ ^\ ol{Sf) + 2(a + l)Vol{S^) (3.17) 

where ds'^{Sf) are the round metrics on unit radius three spheres. This is the well 
known AdS^ x S^ x S^ x S^ solution of type IIB supergravity (see [H ESI ESI [2Z1). 
Note that this solution is dual to a d = 2 SCFT with (4, 4) supersymmetry: when we 
T-dualise back the configuration with G 7^ we will possibly break some of the super- 
symmetry: our construction guarantees that there is at least (0, 2) supersymmetry, 
but we haven't checked if more supersymmetry is preserved. 



^To obtain the solution in this form, we rescaled the u^ coordinate, u^ — > u^{mi/l2), we set the 
dilaton to zero by shifting the dilaton and rescahng F3, and we also absorbed the warp factor into 

L2. 



10 



3.2 D = ll 

We briefly consider similar constructions of AdS2 solutions oi D = 11 supergravity. 
The metric ds'^(Yg) appearing in (12. 6p is given by 

4 

ds\Yg) = {dz + Pf + e-=^^ Y^ ds\KEf) (3.18) 

and the warp factor is given by 

4 

e-'^ = Y,h. (3.19) 

1=1 

The four form flux is 

Gi = Vol{AdS2) A Fa + F4 (3.20) 

with 

2 

F4 = ^mij/AJ^' (3.21) 

id 

where the entries of the symmetric matrix m are constants and the diagonal entries 
are zero. Clearly F4 is a (2, 2) form. Demanding that it is primitive implies that 

mi2 = m34., mi3 = 77124, mu = "^23 , (3.22) 

and hence F is self dual, and 

mi2 + mi3 + mi4 = . (3.23) 

Finally, the master equation (12.101) now implies that 

hk + /1/3 + hh + hh + hh + ^3/4 = 2[(mi2)^ + (mia)^ + [rriuf] . (3.24) 

In the special case that one has a T^ factor, say /4 = 0, one might wonder if one can 
get a type IIB AdS^ solution after dimensional reduction and T-duality. Following 
the discussion at the end of section 2, in order to get an AdS^^ factor one needs that 
mj4 = for all i. This implies all the rriij = and one returns to the cases analysed 
in [H]. 



11 



4 Fibration Constructions using KE spaces: type 
IIB solutions 

In this section we will construct new AdS^, solutions of type IIB supergravity both 
with G = and G 7^ 0. For both cases we will take the local six-dimensional 
dimensional Kahler metric, (isg, to be the product of T^ with a four dimensional local 
Kahler metric which is constructed using the line bundle over a two dimensional 
Kahler Einstein space, which we take to be an 5*^. The construction of such Kahler 
spaces is very similar to the construction in section 3 of [8] which in turn was inspired 
by [31]. Using this construction we take G to be the wedge product of a (0, 1) form on 
the T^ with a (1, 1) form on the four- dimensional Kahler space. We have presented 
a few details of the derivation of these solutions in appendix C 
The metric of type IIB supergravity is given by 

where L is an arbitrary length scale, 



ds\Y,) = ^ 'j: -^^ 1^^^+ -;^^ ^. .^ ^r + 



4/32 4(/?2 _ 1 + 2y - g V) 4:(3^y^U{y) 



-Ijds'iS') + ^,ds\T^) (4.2) 



with Dip = dip + 2V, dV = 2J52 and the round metric on S"^, ds'^{S'^), is normalised 
so that 7^.52 = 4J52. We also have 



Dz = dz-g{y)Dil) (4.3) 

with 

n(')i\ = 

(3^-l + 2y- Q^y^ 



'M - „ '^rS'L., (4.4) 



and 

Tldi) = 1 - 



■ "2 /n2„.2 



Uiy) = l--il-yy-QY (4.5) 



where /3, Q are positive constants. 

The self-dual five-form can be written 

F5 = AdS3 AF2 + UJ5 (4.6) 

with 
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and 

dyADiljA J52 ADz- --—Vol{T^) AdyADipADz. (4.8) 



4/32?/2 ^ ^ - 4^2 

If we introduce a complex coordinate u = u^ + m^ on the T^ with ds'^{T'^) = dudu 
we can write the three-form flux as 



1 Q _ 

-^G = -du A 



^-dy ADip - -dy A Dz + 2yJs2 



2 " " 2 



(4.9) 



We now investigate how to restrict the parameters (/?, Q) and choose suitable 
ranges of the coordinates so that these local solutions can be extended to provide good 
globally defined solutions. In section 4.1, for G = 0, we show that there are an infinite 
number of solutions of type IIB string theory, labelled by a pair of positive relatively 
prime integers, p, q, and two integers M, A^ where Yj has topology S^ x S"^ x T^. The 
five-form flux is properly quantised an we also calculate the central charge of the 
corresponding dual CFTs. In section 4.2, for G 7^ 0, we show that there is a similar 
infinite class of AdS^ solutions of type IIB supergravity, but the analysis of the flux 
quantisation will be studied in [29]. In section 4.3 we show that after two T-dualites 
and an S-duality all of these solutions get transformed into type IIB solutions with 
only NS fields being non-trivial. 

4.1 Type IIB solutions with G = 

Setting Q = so that 

Uiy) = l-^il-yf (4.10) 

we choose 

yi<y<y2 (4.ii) 

where yi are two positive distinct roots of U. The roots of U are given by 

2/1 = 1-/3, 2/2 = l + /3 (4.12) 

and we therefore choose < /5 < 1. 

We want to argue, after suitable further restrictions, that Yj = M5 x T^ is the 
product of a two-torus with a five manifold M5, parametrised by z, y, ip and the round 
5*2. More precisely the manifold M5 will be a good circle fibration, with the fibre 
coordinate labelled by z, over a four- dimensional base manifold, B4, parametrised by 
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y,ip and the round 5*^. The analysis is very similar to that for the five- dimensional 
Sasaki- Einstein metrics of |32] (for further dicussion see [33]). 

We first observe that if we choose the period of ip to be 2-7?, then y, ip parametrise a 
smooth two-sphere (in particular, one can check that there are no conical singularities 
at the poles y = yi and y = ^2) and that i?4 is a smooth manifold which is an S'^ 
bundle over the round S"^. In fact, topologically, B/^ = S^ x S"^. To construct M5 
as a circle bundle over B4, we let z be periodic with period 2ttI. We next observe 
that the norm of the Killing vector dz is non-vanishing and so the size of the S^ fibre 
doesn't degenerate. If we write Dz = dz — A, we require that l~^A is a connection 
on a bona fide U{1) fibration. This is guaranteed if the corresponding first Chern 
class l~^dA lies in the integer cohomology H^^^^^^{B4,Z). It is straightforward to 
first check that l~^dA is indeed a globally defined two- form on B4. We next need to 
check that periods are integral. A basis for the free part of the homology on B4 is 
given by S/, the (?/,'?/') two-sphere fibre at a point on the round S"^, and Si, II2, the 
two-spheres located at the poles y = yi, y = y2, respectively. We note that we have 
the relation Si = S2 — 2Sj in homology. If we denote the periods for Sj and S2 to 
be integers —q and p, respectively, we conclude that must have 

9{y2) - g{yi) = -iq 

9iy2) = |. (4.13) 

We note that the period for Si is then p + 2q, consistent with the relation between 
the two-cycles noted above. These conditions are satisfied if 



p + q 



I = 4<P±4 (4.14) 

p{p + 2q) 

with p,q > 0. We choose p and q to be relatively prime and then Yj is the product 
of T^ with a simply connected manifold M5. By following the argument in [32] we 
conclude that topologically M5 is S'^ x S^. 

Recalling that the circle bundle (parametrised by z) is trivial over the two cycle 
gS2 +pSj we conclude that setting z to be constant, gS2 +pSj generates H2{M^, Z). 
We also observe that M5 has three obvious three-cycles: Ei and E2 obtained by 
fixing y = yi or y = y2, i.e. the circle bundle over Si and S2, and the three-cycle 
E^ obtained by fixing a point on the round 5*^, i.e. the circle bundle over Sj. If 
we let E be the generator of H^{M^^ Z) we have Ei = —pE, E2 = —{p + 2q)E and 
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i?3 = —qE. The generator E can be obtained, for example, as the hnear combination 
E = ciEi + 62-^3 where ei and 62 are integers satisfying eip + 62? = —1. 

At this stage we have shown that for each pair of relatively prime positive integers, 
{p, q), we have a regular manifold Y-j = M5 x T^ with M5 = 5*^ x S^. In order to get 
a good solution of type IIB string theory we now demand that the five-form flux is 
properly quantised: 

NiD) = —^ [ E,eZ (4.15) 

for any five-cycle D G H^{Y-j^7j). There are two independent five-cycles, M5 at a 
fixed point on T^ and S^ x T^. For the latter, the S^ factor is the generator E of 
H^{M^, Z), at a fixed point on the T^. It is illuminating to calculate the flux through 
the five-cycles E^ x T^, where the E^ are the three-cycles on M5 introduced in the 
last paragraph. After setting 



L* 


qp^{p 


+ 29)\, 


^T^Qslt 


■9)" 


Vol{T^) = 


vr 


q{p + qfM 
p{p + 2q) N 


where M and A^ are integers, we find that 






' / 


F, 


= 


N 


(2vr/,)4^, Jm, 




1 / 


F, 


= 


-pM 


{2TilsYgs Je.xt^ 


1 / 


F, 


= 


-{p + 2q)M 


{2TilsYgs Je2xt^ 


1 / 


F, 


= 


-qM . 


{27rl,Ygs Je;xt^ 



(4.16) 



(4.17) 

We see that the results are consistent with the relations in homology between the 
three-cycles E^ on M5 that we noted above: in particular the five-form flux through 
the cycle E x T^ is M. 

We are now in a position to calculate the central charge of the corresponding dual 
d = 2 {0, 2) SCFT. Using fl3TTD and fl3A2D we find that 

^ pq\p + 2q)NM 

' = ' ip + qy • ^'-''^ 
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4.2 Type IIB solutions with G 7^ 

Let us now consider the solutions with Q 7^ and hence non-vanishing G. The roots 
of U are now given by 

lT/3v/l + g^(/3^-l) ..... 

1/1,2 = Y^^^T^- (4.19) 

and in order that we have two positive distinct roots, 1/2 > yi > we demand that 



< /^^ < 1, < Q' < ^ -^ . (4.20) 



1 

We will again argue that Y-j = M5 x T^ with M5 a circle fibration, with the fibre 
coordinate labelled by z, over a four- dimensional base manifold, -B4, parametrised by 
y,ilj and the round S*^. To ensure that y,ilj parametrise a two-sphere, remarkably, it 
is again sufficient to choose ip to have period 27r. This again leads to a regular B4, 
which is again topologically S'^ x S'^. Following the logic of the last subsection, and 
calculating the periods of l^^dA/{27T), to ensure that we have a good circle fibration 
over B4 we now impose 

9{y2) - givi) = -iq = -{lp)/x 

9{y2) = I (4.21) 

for relatively prime integers p and q and we have defined X = p/q. 

Let us first consider Q ^ 1. If X > we choose Q < 1 and if —1 < X < we 
choose Q > 1 (other choices for X lead to the same solutions). We have 



P' 



l-Q' 



and 

2/1 



(i + x)2-g2 

2((l + X)^-Q=^) 
p(2 + X)(l + X) 

X(l + X + Q^) 
2 _ n4. 



(4.22) 



[i + xy-Q 



(2 + x)(i + x-g2) 

y^ = (1 + X)2-Q4 • (4-23) 

Topologically M5 = S'^ x S^. For future reference, we note that as in the last subsec- 
tion, the generator of H2{M'L) is given by gS2 + pS/ at fixed z. Also as in the last 
subsection, M5 has three natural three-cycles Ei and the generator E of H^{M^^'L)^ 
is a linear combination of them. 
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For Q = 1 we observe that 

1-/32 
2/1 = YT^^ 2/2 = 1- (4.24) 

We further observe that g{y2) = and hence we just need to demand that the period 
of l~^dA/{27c) over Sj, the two sphere fibre parametrised by y,ip, is quantised which 
can be achieved by choosing 

For Q = 1, the topology of M5 is again S"^ x S^, but the details are slightly different, 
since the z circle is only fibred over S/. For future reference, we can take S2 to 
generate H2{M^, Z) and similarly, we can take the z circle fibred over Sj to represent 

We have now shown that it is possible to switch on the three-form flux and obtain 
infinite classes of regular geometries. Furthermore, we observe that the five-form and 
the three-form are globally defined on Y^. 

In order to find good solutions of string theory we need to ensure that the three- 
form is suitably quantised. Writing G = —dB — idC'^'^^ (since the axion and dilaton 
are zero), we need to demand that 

^j,B eZ. (4.26) 

Due to the Bianchi identity 

dF5 =^-GAG* (4.27) 

we also need to ensure that corresponding Page charges (see e.g. [SI [35]) are quan- 
tised. We will not carry out this analysis here, but an equivalent analysis will be 
carried out in [29J using the results of the next subsection. 

4.3 T-dual solutions 

After carrying out T-dualities along each of the two legs of the T^ , using the formulae 
in appendix B, we arrive at the following type IIB solutions. The string frame metric 
is given by 

1-^dsl = -^^[ds^AdS,) + ds\Xr)] (4.28) 
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where 



.2,^^ /?2-i + 2|/-gv^ 2 , u{y) ^., dr 



ds\Xj) = '- -J ':^J^Dz^ + —- — —^ ^^Z)^2^ 



4/52 4(/32 - 1 + 2|/ - g V) A(3'^yW{y) 

+ ^,ds\S') + (rf«^ - If [(1 - ^)^^ - Dz]f + (rf«2)2 . (4.29) 



/32 ^ ^ ' ^ 2/3 

The dilaton is given by 

e^^ = ^ (4.30) 

and the RR three-form field strength is 

+ ^du^ A [rfy A D^ - 4yJ - (1 - g)dy A L)^] + 2Vol{AdS^) .(4.31) 

Note that L is an arbitrary length scale that will be fixed by considering quantisation 
of the fiux. 

After a further ^-duality transformation we obtain AdS^ solutions with only NS 
fields non-vanishing, but we will continue to work with the above solution. 

For these solutions to be good solutions of type JIB string theory we need to 
ensure that the metric extends to a metric on a globally defined manifold X-j and 
that both the electric and magnetic RR three-form charges are properly quantised: 

^1 = (0 /\6 / *^^^'^ ^ ^ (4.32) 

{2-nlsfgs Jxr 

and 

when integrated over any three-cycle T G H^lXj, Z). 
It is useful to note that since 

i- * ^^(2) = -^ J AdyADiPADzA du^ A du^ + Vol{AdS^) A (. . . ) (4.34) 
we have 

\lsj g.M-n^P^ yiy2 

Thus, for any good solution of type JIB string theory, the central charge can then be 
written 

c = 6ni ( - ) — . (4.36) 
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To get the explicit expression we need the values of Au^, Au"^ and L^. In this paper 
we will only analyse this further for the case of Q = 0, recovering results compatible 
with those of the last subsection. The analysis for the case oi Q ^ will be carried 
out in 



4.3.1 Q = 

When Q = 0, we first observe that ds'^{Xi) is precisely the same as ds'^{Yi) in (14. 2p . 
In section 4.1 we showed that Xj = M^ x T^ where M5 is a manifold parametrised 
by z.Tp^y and the round S"^ and the T^ is parametrised by u^ and u^. Further 
M5 = 52 X S^. 

Let us now consider the quantisation of the three-form on X7. After fixing a point 
on the torus, the three-cycles Ei on M5, introduced in section 4.1, all give rise to three 
cycles on X-j. If we choose the length scale to satisfy 



lV pq^{p + 2q)M 



9s VsJ {p + qy 

where M is an integer then we calculate 



(4.37) 



{2TllsYgs J El 



1 



f dC^^^ = -pM 

J El 

I dC^^^ = -{p + 2q)M 
Jeo 



{2TxlsYgs Je2 

dC^^^ = -qM . (4.38) 



{2'nlsYgs Jes 

In particular we see that the flux through the generator of H^{X-j^ Z), the three-cycle 
E introduced in section 4.1 at a fixed point on the torus, is M. 
The expression (14.351) takes the more explicit form 

_ fL\^ 1 VoUT'^) (^ + ^^^ (4 39) 

\ls) fi-JSTT^ p^q{p + 2qf 

which, after substituting (14.371) . provides a quantisation condition on VoliT"^). For 
the central charge, after substituting (I4.37P into (I4.36p . we now recover the previous 
result (14.181) (with A^ = rii), as expected. 

The fluxes that we have activated, plus the amount of supersymmetry preserved, 
suggests that the dual SCFT might arise by taking configurations of fundamental 
strings intersecting NS fivebranes with the other four directions of the NS fivebranes 
wrapped on a holomorphic four-cycles inside a Calabi-Yau four-fold. 
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4.3.2 g^o 

A careful analysis of the topology of Xj and the quantisation of the three-form flux 
when Q ^ will be carried out in |29j . 

5 Fibration Constructions using KE spaces: D = 
11 solutions 

In this section we will present new AdS2 solutions oi D = 11 supergravity with 
magnetic four-form flux switched on. We take the local eight-dimensional dimensional 
Kahler metric, ds^, to be the product of T^ with a six- dimensional local Kahler metric 
which is constructed using the line bundle over a four dimensional Kahler Einstein 
space with positive curvature. We have presented a few details of the derivation of 
these solutions in appendix D. 

The metric oi D = 11 supergravity is given by 

]^ds^ = g4/3^'/3^4/3 M^^(^^^^) + ds\M (5.1) 

where L is an arbitrary length scale, 

' ^^ -dy^ + 3Q(3yds\KEt) + 3Q(3y^ds^{T^) (5.2) 



yUiv) 

with Dip = dip + 2V, dV = 2 J52 and the metric on the four- dimensional positively 
curved Kahler-Einstein space, ds'^{KEf), is normalised so that TZke = GJke- We 
also have 

Dz = dz-g{y)Dip (5.3) 

with 

^ 2[3y{l - ?,y + 2Qy^) 

^^^' l-8/32/+12/?2/'-4/3Qy3 ^ • ^ 

and 

U{y) = 1 - 9/?y(l - yf - Qy' (5.5) 

with P, Q constants. 

Writing the four-form as 

G4 = AdS2 AF2 + F4 (5.6) 
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we have 



and 



-—F2 = -Jke ndy ADz + -^dy A Dip - -du A du (5.7) 



-1^4 = 6(3^/^Ql2JKEAJKE + l[{l-9)Dilj-Dz]AJKEAdy 

-2iy'^JKE AduAdu- ^-dy A [(1 - g)Di} - Dz\AduAdu] . (5.8) 

We will not carry out a complete analysis of these solutions, but it is clear that 
there are infinitely many new regular solutions. As in the last section, the task is 
to choose appropriate values of the constants /5, Q and ranges of the coordinates so 
that Fg is a U{1) fibration, with fibre parametrised by z, over an eight dimensional 
base manifold, parametrised hy ip,y, the KE^ space and the two-torus. By choosing 
appropriate /?, Q we can restrict y to lie between two suitable roots of the cubic [/ = 0. 
One can then show that if ip has period 27r, then, remarkably, the eight-dimensional 
base manifold is a regular S"^ bundle, with S"^ parametrised by y.,ip., over KE'^ x T^. 
Demanding that the f/(l) fibration is well defined, for appropriately chosen period for 
z, will lead to additional restrictions on the parameters, but it is clear that there will 
be infinite number of solutions. Finally, there will be additional restrictions imposed 
by demanding that the four-form fiux Page charges are suitably quantised. 

We conclude this section by pointing out that when F4 = 0, i.e. when Q = 0, if 
we dimensionally reduce on one leg of the T^ and T-dualise on the other, we obtain 
type IIB AdSy, solutions as constructed in [28] (see appendix A and section 3.1 of 
[8]). However, when F4 7^ 0, while we still get type IIB solutions, because F4 has a 
term proportional to the volume of the torus, the metric will no longer be a warped 
product of AdS'i with a seven manifold. 

6 Conclusions 

We have analysed new general classes of supersymmetric AdS^ solutions of type IIB 
supergravity and AdS2 solutions of -D = 11 supergravity, which are dual to SCFTs 
with (0, 2) supersymmetry m. d = 2 and supersymmetric quantum mechanics with 
two supercharges, respectively. The constructions which generalise those of [H [2] to 
allow for additional fiuxes, depend crucially on the "transgression terms" appearing 
in the Bianchi identities. 
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We also presented a rich set of new explicit examples using some constructions 
that generalise those of [8|. For the type IIB AdS^ solutions we found an infinite 
class of solutions with vanishing three-form flux in section 3.1 and determined the 
central charge of the dual SCFT. In section 4 we presented a different class of explicit 
solutions of type IIB, with the three-form flux labelled by Q. The solutions have a 
two-torus and after two T-dualities and an S-duality we showed that the solutions can 
be written in terms of NS fields only. For the case when Q = we showed that the 
solutions extend to well defined solutions of type IIB string theory and we calculated 
the corresponding central charge. The analysis for the case oi Q ^ will be carried 
out in [29] . 

We also constructed analogous AdS2 solutions of D = 11 supergravity. It would 
worthwhile carefully analysing the conditions required on the local solutions to give 
rise to properly quantised solutions of M-theory. 

Despite the richness of the constructions we have presented, it is clear that they 
can be generalised still further. For example, the D = 11 solutions in section 5 are 
constructed using a four- dimensional Kahler-Einstein manifold. For the special case 
when this is S"^ x S'^ there are almost certainly generalisations when we allow the 
ratio of the curvatures of the two S^'s to vary. 

It remains an important outstanding problem to identify the dual SCFTs for all of 
these examples. For the classes of type IIB AdS^ solutions that depend on NS fields 
only, it would also be very interesting to construct the worldsheet CFT describing 
the type IIB solutions. 

We also showed how the general class of AdS solutions can be analytically con- 
tinued to obtain general classes of 1/8 BPS bubble solutions with additional fluxes 
to the classes of solutions considered in |8j. It would be interesting to study these 
further. For example, the constructions of this paper can be used to obtain explicit 
solutions. 
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A AdS solutions 

A.l AdS^ solutions of type IIB supergravity 

We will be interested in bosonic configurations of type IIB supergravity with constant 
axion and dilaton. For simplicity we will mostly set the axion and dilaton to zero. 
We will use the conventions for type IIB supergravity that were used in [36]. The 
conditions for such a configuration to be supersymmetric read: 

yo 

+ TT^j'''-^''FM,...M,rMe =0, (A.l) 

Id • 5! 

T''^''-''^Gp,p,p,e =0, (A.2) 

where F^ is self-dual, F^ = *ioF5 and the complex three- form G can be writteqf 

G = le^'^ [rdB - dG^^'^) , 
T = c(°) + ze-^. (A.3) 

We have also chosen Fne = — e where Fn = Fq . . . Fg. and we take ec.g = +1. To 
obtain a supersymmetric solution to the equations of motion it is sufficient |;36j to 
also impose 



V Gmnp - 




(A.4) 


PlP2PsG 


= 


(A.5) 


dG = 


= 


(A.6) 


dF = 


- \^^^' 


(A.7) 



and at most one component of the Einstein equations, which is automatically solved 
for the classes of solutions we consider. 
We now introduce the following ansatz 



7; 



ds' = e'^'ds' (AdSs) + ds 
F, = {l + *io)Vol{AdSs)AF2, {A.l 



Hi one changes the sign of C^^-* one gets the conventions used in 
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as in [T], but generalised to include a closed three form G defined on the seven 
dimensional space. We also demand that the Killing spinors are the same as those 
for the AdS^ solutions with G = Q that were analysed in [Tj. 
For the gamma matrices we take 

r^ = 0-1 (g) /gxs ® 7-^, /i = 0,1,2 

Ta = ff2®7a®i"2x2, a = 3, . . . , 9 (A.9) 

where ai are Pauli matrices and we choose the three-dimensional and seven dimen- 
sional gamma matrices r^ and 7a, respectively, to satisfy 

T0T1T2 = -/2x2, 

J] 7a =-^i"8x8- (A.IO) 

a 

For the Killing spinor e we make the ansatz 

e = x®V®i^n'^ (A.ll) 

where x is a constant spinor satisfying 

<yzx = x (A. 12) 

il)n are Killing spinors on AdS-^ satisfying 

^,€^ = \r,^^n'. n = ±1,1 = 1,2, (A.13) 

and r] is a seven dimensional Dirac spinor. After substituting into (lA.lD we find the 
following system of equations 

^aV-^e-^^ r2laV = ^ (A. 14) 

lb 

^e-^ + ^ ^A + ^e-3^ f^) r^ = (A. 15) 

7^^^^^^G,,,,,3r^ = 0. (A. 17) 



As shown in [T], by just using equations (1A.14P and (]A.15|) . the geometry and five 
form flux are constrained to take the local form 



ds = e 



2A 



ds^ {AdS^) + j{dz + Pf + e-^^dsl 



F2 = 2nJ--d[e^^{dz + P]) (A.18) 



24 



where d^ is a Killing vector, dsl is a six dimensional Kahler metric with Kahler form 
J, Ricci form given hy 71 = n dP, scalar curvature R = 8e~'^"^ and holomorphic three 
form Q. This result is obtained by analysing various bilinears in rj. In particular 
we note that rj^r] = e^, fl = e^^e^^^rf'~^{^^)rj and J = —e^irj^'~^{2)rj. Furthermore, 
K = Tj^'~i(i)'rj = {e^^ /2)[dz + P), so that the corresponding dual vector is the Killing 
vector 2dz- It is also useful to note that \1/ = rj^'^[i)rj = —e~^^e~"'''^K A Q. 
We next argue that 

ixG = 0. (A.19) 

To see this we first multiply (1A.16I) by rj'^'jkla and (1A.17I) by rj'^'jk to deduce that 

Qk'"'"{^KG)p,p, = 0, Qk^'^'i^KGl^p, = . (A.20) 



This shows that the (0, 2) and (0, 2) pieces of ixG vanish. Next multiplying (IA.16P 

by 'tf'~iq^q2q-j, wc dcducc that 

^^[9192^93]?^ = . (A.21) 

Letting gi be just in the z direction we deduce that 

0.%,q,{lKG)j,r = ^ (A.22) 

showing that the (1, 1) piece of ikG also vanishes. 

Since ixG = we can now decompose G in terms of (p, q) forms on Eq 

G = G(l'2)_^^(2,l)^^(3,0)^^(0,3)_ 

From equations ( JA.16J) and ( JA.17P we obtain 

iZ ^ ^ ^Crp^p2P3 ~ 0' iZ ^ ^ aGpip2b = 0, (A. 23) 

implying that only the (1, 2) component of the three form G can be non-zero. From 
equation flA.lGp we have that 

JAG = 0. (A.24) 

Thus we conclude that supersymmetry implies that the (1, 2) form G is primitive. 
These two properties when combined give the duality condition on the base Bq 

hG = iG, (A.25) 

where we used the volume form 

Vole = - J A J A J. (A.26) 

6 



25 



We can now easily check that (]A.4p and (]A.5|) are both satisfied. 



OR - -R^ + n'^ij + -G'^^G*^,, = 0. (A.28) 



Thus to ensure that all equations of motion are satisfied we just need to ensure 
that (1A.7P holds. Using ( JA.251) we find that ( JA.71) can be written as 

l:JAnAn+^d*edR = -lGA*6G\ (A.27) 

which may also be written as a scalar equation 

Ir' + TV'TZ,, + \i 
2 3 

Note that in the main text we have fixed n to be +1. The solution preserves four 
supersymmetries since i runs from 1 to 2 in the AdS^, Killing spinors ■?/'« appearing 
in (lA.lip and ?7 is a Dirac spinor. Two of these are Poincare supersymmetries and 
two are special conformal supersymmetries. Using horospherical coordinates, the 
Poincare Killing spinors on AdS^ are eigenvalues of the gamma matrix along the 
radial direction, say r2 \^2\. Observing that Pqi = —^2x2 ® /sxs ® ^2 we see that the 
two Poincare supersymmetries are eigenvalues of Pqi with the same eigenvalue and 
hence the solutions are dual to SCFTs with (0, 2) supersymmetry. 

A. 2 AdS2 solutions oi D = 11 supergravity 

The condition for a bosonic configuration oi D = 11 supergravity to be supersym- 
metric reads 

S^M = Vmc + -^ [Pm^^^^^^^^ - SC^P^^^^^^] G4M^,^3^4e = 0, (A.29) 

zoo 

where we are using the conventions of [39j and in particular P0...10 = 1 and eo...io = +1- 

For the supersymmetric bosonic configurations we will be considering, in order that 

all equations of motion are satisfied it is sufficient [39] to also just demand that 

dGi = 0, 
d*nG4 = -^G^AGi. (A.30) 



Our Ads') ansatz is 



ds' = e'^'ds' {AdS2) + dsi 

G4 = Vo\{AdS2) A F2 + F4, (A.31) 

where F2 and F4 are closed forms defined on the nine dimensional space. For the 
gamma matrices we perform the reduction 

P^ = r^ ® /, /i = 0, 1 

Fa = r2 ® 7a, a = 2, . . . , 10 (A.32) 
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with T and 7 being real matrices and we use the conventions 



roTiT2 = -1, 

no.=-i 



(A.33) 



In this representation we can make the ansatz for the eleven dimensional Majorana 
spinor 



X 



(0 



1] + c.c. 



(A.34) 



where the 77 is a nine-dimensional Dirac spinors and the real three-dimensional spinor 

(A.35) 



Xn satisfies 



^ IJ-Xn 






V^2X„ , 



.w .• = ±1, n = ±1, 
and can be taken to satisfy the orthogonality condition 

(X«)V2X« = 0. 

(which can be checked, for example, by explicitly calculating the spinors). 
We now find the following system of equations 



(A.36) 



Va + -e-'^ [la'^F^,, - ^F^abl') 







7 



616263 



40616263 



r/ = 

7] = ^. 



(A.37) 

(A.38) 
(A.39) 



Using the results of [2] one can show that equations (1A.37P and (1A.38P imply that 
the metric and the two form fiux are constrained to be of the form 



ds^ = e^^ [ds" {AdS2) + {dz + Pf + e-^^ds^^ 
F2 = nJ + d [e^^ {dz + P)] , 



(A.40) 
(A.41) 



where 7^ = —ndP and ds^ is Kahler with Kahler form J, Ricci potential given by P 
and scalar curvature given by i? = 26"^"^. 

The constraint (1A.39I) implies that the only non-zero part of the magnetic com- 
ponent F4 is a (2, 2) and primitive form with no non-zero components along the z 
direction: 



J A F4 = 0, 
ixF^ = 0. 



(A.42) 
(A.43) 
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Here K is the one-form constructed out of the nine dimensional bihnears K = 
V^l{i)V = 6^"^ {dz + P) whose dual is the Killing vector dz. Note that these con- 
ditions imply that the four form is also self-dual with respect to dsl: 

*s F4 = F4. (A.44) 

Using that the D = 11 epsilon tensor is given by e = —e~"^Vol{AdS2){dz + P)"^, we 
find that the equation of motion for the four form flA.301) implies that 

J^ AnAn + d*sdR = F^AF^. (A.45) 

which may also be written as a scalar equation 

OR - ^R^ + TV^Uij + j^FijkiF'^'' = 0. (A.46) 

B T-duality 

We consider a type IIB solution with a square two-torus, parametrised by u^ and v?, 
of the form 

ds'' = e^^ [ds\AdS^) + ds^{M^) + T.{{du^f + {du^f)] 

F5 = h + hAdu^Adu^ 

G = {du^ - idu^) A dv 

= 0, C(°) = (B.l) 

where /s, /a, v and ds'^{M^) have no dependence on the coordinates m*. Using the 
formulae in, for example, [40j we can T-dualise on the u^ direction and then the v^ 
direction to get the following type IIB solution 

dsl = e^^[ds\AdS^) + ds\M^)\+-^[{du'-vf + {du^f] 
rfC(2) = f^-dvA{du^-v) 

where the metric, here, is written in the string frame. 

C Type IIB solutions from fibrations over S'^ x T^ 

Consider the following ansatz for a six dimensional Kahler metric 
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where Dip = d(j) + V, dV = 2Js2, the 5*^ is normahsed so that TZs'^ = ^Js'^ and we 

have introduced a complex coordinate u = u^ + iu^ for a T^ factor. In this case the 

Kahler form J and the (3, 0) form Vt read 

1 I i _ 

J = -dx A D(j) -\ — J52 H — du A du, 

2x^ X 2 



Q = e^'^ 



zdx + i 



A ns2 A du. (C.2) 



2x^VU X 

We have dQ = iP AQ where P is the Ricci form given by 

P = fD(j), f = 2{l-U)+xU'. (C.3) 

It is easy to calculate the Ricci form, given hjTZ = dP, and we record that the Ricci 
scalar is given by 

R = 4xf - Ax^f. (C.4) 

For the three form G we make the simple ansatz that it is the wedge product of du 
with a primitive (1, 1) form on the four- dimensional Kahler space parametrised by 
X, (p and the S"^. This leads us to consider 

G = duAd [qxD(f)] . (C.5) 

If we now substitute into (12.51) . after integrating once, we are led to the following 
differential equation for U: 

2f + UR' + 8g\2 = constant. (C.6) 

We look for polynomial solutions to this equation by considering the ansatz U{x) = 
1 + X]j=o'^«-^*- This implies that R = —Saox and in order to have i? > we choose 
ao = — 1//3^. A little calculation shows that U takes the form 

f/(a:) = 1 - ^ (1 - ^^y - g^/3V. (C.7) 

It is now straightforward to assemble the full ten-dimensional solution using (12. ip - 
(12.41) . It is convenient to make the following rescalings 

y = -i^x, Q = ^9> u = -r^u . (C.8) 

Furthermore we also perform a simultaneous scaling of the ten-dimensional metric 
and the three-form by a factor of y% and the five-form by a factor of -^^ (which 
indeed transforms a solution to another solution). Finally, it is very helpful to perform 
the coordinate change = {ip — z)/2 and this then leads to the type IIB solutions 
as recorded in the main text, although we note that we have dropped the tildes form 
the coordinates on the torus for clarity. 
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D D = 11 solutions from fibrations over KE^ x T^ 

Consider the following ansatz for an eight dimensional Kahler metric 

dsl = -4^ + ^^Dcf" + -ds^ (KEt) + du du, (D. 1) 

where D^ = d(f) + V, dV = 2Jke, the Kahler-Einstein four metric with positive 
curvature, ds'^{KE^), is normalised so that 7^.52 = 67^2 and u = u^ + iv? is a 
complex coordinate for a T^ factor. In this case the Kahler form J and the (4, 0) 
form VL read 

1 1 i _ 

J = -dx A D(f) -\ — Jke-\ — du A du, 

2x^ X 2 



n 



3i<l> 



1 vu 

--dx + i^rj^rDcj) 



A VIke a du. (D.2) 



2x5/2 v^ a;3/2- 

We have dVt = iP AQ where P is the Ricci form given by 

P = fD(j), f = 3{l-U) + xU'. (D.3) 

It is easy to calculate the Ricci form, given hjTZ = dP, and we record that the Ricci 
scalar is given by 

R = 8xf - 4xV- (D-4) 

For the magnetic four form, F4, we choose the ansatz: 

F4 = A2A {Jq - -du A du) 

1 1 i 

= ^2 A ( -dx AD(f) + -Jke duAdu) (D.5) 

2x^ X 2 

where Jq is the Kahler form on the six space excluding the torus. We clearly have 
that F4 is (2, 2) and is closed provided that the two-form A2 is (1, 1) and closed. A 
suitable ansatz is A2 = d[^{x)D(j)\ and we find that F4 is primitive provided that 
<l> = qx"^ for an arbitrary constant q. We thus have 

1 1 i 

F4 = d[qx^D(j)] A ( -dx A Dcj) + -Jke - -du A du) . (D.6) 

2x'^ X 2 

If we now substitute into fl2.10p . after integrating once, we are led to the following 
differential equation for U: 

Af + UR' + 4g\^ = constant x x. (D.7) 
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We look for polynomial solutions to this equation by considering the ansatz U{x) = 
Yli=o^i^^- We find two classes of solutions, one with oq = 1 and the other with 
Oo = 3. Since we are interested here in AdS2 solutions, we only consider the solution 
with ao = 1 and we have 

2 ^2 



U(x) = l + aix(l + —x] +^x^. (D.8) 

^ ^ \ 2ai J Aai ^ ^ 



Since R = — 8aix^, we demand that ai < 0. 

It is now straightforward to assemble the full eleven- dimensional solution using 
fl2.6l) - fl2.9p . It is convenient to make the following rescalings 

-02 2a2 2 - V-2ai 

y = 7^ — X, Q = — 3-g , u = — ^^u . (D.9) 

2ai an Ja2 



2a 



We also define P = g^- Furthermore we also perform a simultaneous scaling of the 

/'2(-a )\^/^ 

eleven-dimensional metric by a factor of ( ^^""^^ ) and the four-form by a factor of 
^""'^' (which indeed transforms a solution to another solution). Finally, it is very 
helpful to perform the coordinate change (p = {ip — z)/3 and this then leads to the 
D = 11 solutions as recorded in the main text, although we note that we have dropped 
the tildes form the coordinates on the torus for clarity. 
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